• Computation of nonlinear scattering by closed cracks.
Introduction
The detection of damage at early stage of fracture is of primary importance in many technologies, such as nuclear power plants or aeronautics. In the case of micro-cracks or closed cracks, the linear ultrasonic methods are less efficient but it has been proven in the past decade that nonlinear ultrasonics can bring an answer to this challenge. Many of these methods are based on the enrichment of the frequency content of the probing waves when interacting with the damage. The nonlinear effect involved in this interaction is related to contact dynamics and is called Contact Acoustic Nonlinearity (CAN) [1] . Sub-and higher-harmonic generation [1] , frequency-modulation [2] have been shown to be sensitive to micro-cracks or closed cracks. For an overview of nonlinear acoustics applications see [3] [4] [5] .
Numerically, both longitudinal and shear wave propagation through a rough surface were investigated in [6] using an interface contact model based on Hertz theory, for time harmonic incidence. The partial contact model was subsequently applied to model scattering from surface breaking cracks [7] , and numerical simulations indicated efficient production of second harmonics. Another approach consists in introducing interface stiffness to account for quantitative transmission and reflection wave and harmonic generation [6, 8, 9] . Preisach-Mayergoyz space representation has been used to model CAN including hysteresis effect [10, 11] , and has also been implemented in time domain Finite Element (FE) model [12] . CAN has also been modeled by unilateral contact law with Coulomb's friction in time explicit Boundary Element Method (BEM) [13] [14] [15] or FE model [16] . In [13] , the BEM was used for the study of SH slip motion on an arbitrary interface, which has later been extended to study of the interaction between a P wave or a SV wave with a pre-open or pre-stressed crack under normal incidence [14, 15] . P waves correspond to longitudinal waves, whereas SH and SV waves correspond respectively to out-of-plane shear waves and in-plane shear waves. It was shown in [14, 15] that the amplitudes of the higher harmonics of the scattered far-fields can be useful in determining both the pre-stress and the frictional coefficient. The same model was also used to treat the interaction between a crack and a SV wave for a given angle of incidence [15] . In this case, the crack was initially closed, and free of any pre-stress. The solution for the far field was obtained but the frequency content was not analyzed. It appears that considerable efforts have been made in previous work in order to model CAN but that the nonlinear far-field components have been only partially computed and that the nonlinear scattering patterns were not determined.
The purpose of this paper is to propose a generic method to compute the far field solution for the waves scattered by a closed crack when CAN is activated, including converted modes. In particular, the method is developed to provide a solution for the new frequency components generated by the contact dynamics triggered at the crack by the incident wave. Actually, for the development and the application of non-destructive methods based on nonlinear acoustics, it is fundamental to capture these new frequency components. Thus, the study scattering patterns corresponding to scattered higher harmonics is a valuable knowledge. Because no analytical solution is available for the contact dynamics problems, the first step of the method consists in using a 2D FE model to compute the near field solution in the time domain. The crack can be closed by a pre-stress and is modeled by a unilateral contact law with Coulomb friction. Once the solution for the scattered waves in the near field is obtained numerically, it is converted to the frequency domain and then extended in the far field domain using an analytical method. This second step uses Hankel's functions to compute the far field solution, which allows us to plot the directivity patterns of the scattered wave for different frequencies. This two step approach is similar to the one used by Hunt et al. to compute the linear field radiated from elastic structures in a fluid domain [17, 18] .
The paper is organized as follows. The two step method is described in Section 2, with first a description of the FE model, and second the analytical model used to propagate the solution in the far field. In Section 3, the method is applied to compute the directivity patterns for two examples of nonlinear acoustic problems. The first case is the nonlinear scattering of a wave by a closed crack of different orientations. The directivity patterns of the higher harmonics are obtained. The second case deals with the scattering of a longitudinal wave resulting from the interaction between two incident shear waves and a closed crack. This last example corresponds to an application of the non-collinear mixing method [19] [20] [21] [22] .
Computation of the nonlinear far field scattered waves
A two step procedure is proposed for computing the scattered far field resulting from the nonlinear interaction between one or two waves and a source of nonlinearity such as a closed crack. In this particular case, the contact dynamics generates the nonlinearity and therefore is the source of the higher harmonics. The proposed methodology allows us to plot the directivity patterns corresponding to the new generated frequency components. Longitudinal and shear waves can be scattered by the crack and the two modes are considered here.
The first step consists in using a FE model to treat the nonlinear interaction between an incident acoustic wave and a closed crack of finite extent, taking into account the contact dynamics. The FE model is solved using the code Plast2 [23] . The size of the FE model being limited in space due to computational cost, the numerical solution regarding scattered waves is restricted to the near field (a few wavelength away from the crack). To obtain the directivity pattern of the scattered waves and to gain understanding of the nonlinear scattering, the solution must be computed in the far field. The second step consists in extending the numerical solution in the far field based on analytical expressions. This is done for both longitudinal and shear scattered waves.
Finite element model for the near field solution

Problem statement and generic FE model
This section aims to describe the FE models used to treat the interaction between waves and a closed crack, including nonlinear effects due to the CAN. The description of the model is generic, giving the modeling principles, with some specific information such as geometrical dimensions or mesh size omitted here. These information will be given case by case in Section 3 where different examples are considered.
An isotropic and homogeneous solid is considered, its mechanical properties are those of aluminum. The Young's modulus is E = 69 GPa, the Poisson's coefficient is ν = 0.33 and the density is ρ = 2700 kg m −3 . This solid contains a crack that may be tilted by an angle α, and whose center defines the origin of the coordinate systems. The corresponding configuration is shown in Fig. 1 for a generic case. An acoustical wave is generated in the solid by imposing displacement on the top face. This wave is a sinusoidal tone burst windowed by a Hanning window. The wave propagates and interacts with the crack. The displacements are recorded at each node on a circle of radius R, as shown in Fig. 1 . The contact dynamics triggered at the crack during the wave propagation is modeled by contact laws. They are described in the next section. Spatial discretization is essential in the FE method. In order to have an accurate solution for the new higher frequency components generated by the CAN, the corresponding wavelengths have to be sufficiently discretized. If i is the number of the highest harmonic considered, then the corresponding wavelength λ i has to be divided by at least 10 elements: λ i /a max ≥ 10 where a max is the maximal element dimension. That means that the FE mesh has to be defined depending on the highest frequency of interest. Convergence studies have been carried out in time and space to ensure that convergence was achieved.
For all the considered models, the mesh is refined at the vicinity of the crack tips because of stress singularities (σ ∼ 1/ √ r where r is the radial distance from the crack tip). Again, the mesh refinement ensures the convergence as regards the wave propagation. Having an accurate estimation of the stress concentration at the crack tip is essential in fracture mechanics but out of the scope of this study. The mesh is made only of fully integrated quadrangle elements of type Q 1 [24] . The software Plast2 uses a time explicit integration scheme and therefore the time step is subject to the Courant-Friedrichs-Lewy stability condition t ≤ a min √ ρ/E, where a min corresponds to the smallest element dimension.
Finally, the scattered field is defined as the difference between the total field and the incident field (obtained without the crack). Therefore, two simulations have to be run to compute the scattered wave: with and without the crack. The displacements recorded at the selected output nodes for each simulation are subtracted to obtain the near field scattered waves in the time domain:
where u T (R, θ , t) is the total field and u I (R, θ , t) is the incident field. At this stage, the scattered displacement field contains information of both the scattered longitudinal and shear waves. The next section describes the contact laws used to model the contact dynamics on the crack.
CAN and contact laws
The contact dynamics generated along the crack is modeled by an interface of unilateral contact with Coulomb friction, which gives the relations between contact stresses and displacements at the interface. Three states can be observed simultaneously at different nodes of the interface: separation, slipping contact and sticking contact. The dynamic switching between the different contact states introduce the nonlinearity in the model. These boundary conditions can be referred as the non-smooth contact dynamics [25] . The crack can be either closed by the weight of the structure or an external load or a residual stress due to plasticity. Therefore, it is assumed that a static normal stress σ 0 ≤ 0 closes the crack. This pre-stress σ 0 is directly considered in the contact laws, as introduced in [16] , and reviewed here briefly.
The two faces of the crack are denoted by i = 1, 2 respectively for the top and bottom face. Let be u i the displacement and n i the outward normal vector of the face i of the crack, the normal jump of displacements is defined by:
The incident wave creates stresses represented by the Cauchy stress tensor σ(u i ). Denoting σ n (u i ) its normal component and τ (u i ) its tangential component, the unilateral contact law taking into account σ 0 is given by the following equation:
The first equation states that only a compression can be transmitted through the interface. The normal stress σ n is allowed to be positive although the crack is closed as long as σ n ≤ | σ 0 |. When σ n = −σ 0 the interface opens. The second line corresponds to the non-penetration condition. Finally, the third line, or complementary equation, indicates that the contact interface is either open or closed.
Denoting µ the friction coefficient and [u t ] the tangential jump of displacements, Coulomb's law is used for the tangential behavior. The pre-stress σ 0 is also introduced in the classical law:
The shear stress τ has to be equal to µ | σ n + σ 0 | to generate sliding. When sliding occurs, the value of the shear stress now depends on the global normal stress σ n + σ 0 .
In Plast2, the contact algorithms are based on the forward Lagrange multipliers method [26] which enables the use of Lagrange multipliers in a time explicit integration. More precisely, the contact equations are respectively satisfied at time t and t + t. To make this possible, the contact equations are solved using a Gauss-Seidel iterative solver. The global method is thus semi-implicit. This method has been demonstrated to be robust [27] . The advantage of using Lagrange multipliers is that the above contact laws are strictly verified at each time step, which is essential for the modeling of the contact dynamics generated by the incident wave propagation.
Analytical solution for the radiated far field
The second step in computing the scattered far field resulting from the interaction between the incident wave and the crack consists of extending the numerical solution for the scattered waves in the outer domain using an analytical approach. Longitudinal and shear waves can be simultaneously scattered by the crack by virtue of mode conversion; the two modes have to be clearly distinguished. They propagate at different velocities and along different directions, as demonstrated later in Section 3. Therefore it is possible to select either one of the scattered wave modes by applying a time window based on the time of flight between the crack and the output nodes. A Hanning window spanning over N cycles is used for the pulse selection, where N = 5 is the number of cycles of the incident wave if not stated otherwise. After time gating, the scattered displacement field is denoted u β , with β = L, S standing respectively for the longitudinal and the shear wave. Once the scattered mode is selected, radial and tangential displacements u The knowledge of the scattered field on the circle of radius R = 25 mm is used to obtain the solution in the far field, assuming that the material has a linear behavior. The crack is considered like a secondary source located at the origin of the coordinate system. The considered scattered field u β (R, θ , t) obtained numerically in the time domain is converted into the frequency domain using the Fourier transform. Then, it is possible to derive the radiated field solution for r ≥ R from an integral equation at r = R. This kind of approach has already been used in fluid mechanics [17, 18] .
The solution is assumed to be time harmonic, with the time convention e −iωt . In the frequency domain, the displacements are written as follows in polar coordinates:
where φ and ψ are the velocity potentials respectively for the longitudinal wave and the shear wave. In the following, the mode identification β and the frequency dependence ω are omitted to lighten the notations. Then,
The velocity potentials have to satisfy the Helmholtz equation. Since we consider the waves scattered by a source located at the origin of the coordinate system, the potentials can be expressed as sum of Hankel's functions:
where the notation
The terms k L = ω/c L and k T = ω/c T are respectively the wave numbers for the longitudinal wave and the shear wave. The scattered waves have to satisfy the Sommerfeld condition, which states that the radiated energy should be outgoing at infinity. With the time dependence e −iωt and for a two dimensional space, this condition is given by:
The Sommerfeld condition is obtained when C n = 0, D n = 0, ∀n. Replacing the potential expressions in Eq. (6), the radial and the tangential displacements are given by:
The coefficients A n and B n have now to be computed from an integral at r = R where the displacements are known. To do that, each term of Eq. (9) is multiplied by e −imθ and integrated over the circular domain. Using the orthogonality of the functions e inθ for the scalar product ⟨f , g⟩ =  2π 0 f (θ )g(θ )dθ, we obtain:
Defining the matrix
the coefficients A n and B n are the solution of a linear system, and are given by:
Finally, the displacement field is obtained for any point of the outside domain from Eqs. (9) and (12):
This solution is valid for a given frequency, which can be chosen as the fundamental frequency or one of the higher harmonics. Moreover, this solution corresponds either to the longitudinal or the shear wave depending on which mode has been selected initially from the numerical scattered field. The directivity patterns are obtained by plotting the amplitude of the displacements over θ ∈ [0; 2π ] for any radial distance r ≥ R. In the following, r denotes the distance used for the analytical computation whereas R is the radial distance where numerical output has been recorded. 
Directivity patterns for nonlinear scattering
Nonlinear scattering by a closed crack of various orientations
In this section, the interaction between a plane wave and a closed crack of different orientations is considered. The higher harmonics generated in the nonlinear scattering can be used for detection purposes. Directivity patterns corresponding to the higher harmonic components of the scattered waves are computed to provide some insight regarding their generation in the solid.
The modeling principles introduced in Section 2 are used here. The particular configuration of this example is shown in The maximal size of the elements is a max = 0.2 mm which means that the wavelength of the third harmonic is divided into ten elements (λ 3 /a max ≃ 10). The minimal size of the elements at the vicinity of the crack tips is a min = 0.07 mm. The time step is t = 3 ns, which satisfies the stability condition. Convergence in both time and space has been confirmed numerically. Finally, the numerical output is recorded on two circles of radius R = 15 mm and R = 25 mm, two circles being used for validation purposes.
Separation of the scattered modes
As mentioned in Section 2.2, the scattered field contains potentially both longitudinal and shear waves. The analytical method enables separate propagation of the scattered mode in the outer domain, based on the knowledge of the near field displacements expressed in polar coordinates. As explained before, it supposes that the longitudinal and the shear scattered waves can be separated in the time domain. This assumption is demonstrated here. Fig. 3(a) shows a snapshot of the total displacement field after the interaction of an incident longitudinal wave with a crack tilted by α = 25°. Although the baseline field has not been removed, one can clearly notice the reflected longitudinal wave followed by the mode converted shear wave. The two scattered pulses propagate with different velocities and along different directions. The output nodes are marked by the dotted circle, and the output node marked by the thick red disk is selected to plot time history displacements. As shown in Fig. 3(a) , this node undergoes displacements from the two scattered modes. The corresponding displacements are plotted in Fig. 3(b) . More precisely, the Cartesian displacement components u x and u y as well as the corresponding polar displacement components u r and u θ are shown for this output node. As expected, the two waves generate both u x and u y displacements. However, it can be seen that the two pulses are clearly separated. By contrast, the radial component corresponds only to the longitudinal wave whereas the tangential component corresponds mainly to the shear wave. The tangential displacement associated with longitudinal wave is negligible, and is due to miss-matching of the longitudinal wave front with the curvature of the sensor array and potential Poisson's effect for a non-purely cylindrical bulk wave. These results demonstrate that it is possible to separate the scattered modes in our case, and that the radial component provides a good representation of the longitudinal wave whereas the tangential component corresponds mainly to the shear wave. The same effects can be seen in the case of an incident shear wave. Again, the separation of the scattered modes can be achieved for the same reasons, with waves propagating along different directions and at different velocities. The displacement field is shown in Fig. 4(a) straight after the interaction with crack. The reflected shear wave is clearly identified and the converted longitudinal wave is negligible with the contact parameters considered here. Thus, the mode separation is not a concern for this configuration. The same output node is selected to plot the time history signals in Fig. 4(b) . The scattered shear wave is mainly described by the tangential component.
This validates the assumption of the mode separation. Thus, the analytical method can be applied to propagate either one of scattered mode after proper time selection. In the next section, the analytical propagation is validated.
Validation of the analytical propagation
The analytical propagation is validated by comparison with the FE solution at a same given distance of propagation. The numerical solution is extracted at nodes belonging to circles of radius R = 15 mm and R = 25 mm. The solution obtained at R = 15 mm is propagated analytically to a distance r = 25 mm which is then compared to the numerical solution obtained at the same distance. The case of a horizontal crack is considered here. The scattered field computed analytically at r = 25 mm from the numerical output obtained at R = 15 mm matches the numerical result extracted at R = 25 mm, which confirms the proposed method. Also, by comparing the data obtained for two propagation distances, it can be seen that the amplitude of the scattered wave decreases with the propagation distance as expected. An incident shear wave is now considered, still with a horizontal crack, and with a pre-stress σ 0 = −0.25 MPa and a coefficient of friction µ = 0.3. Fig. 6 shows the directivity patterns of the tangential displacement u S θ of the scattered shear wave, for the fundamental and the third harmonic only. The directivity pattern of the second harmonic is not relevant since the generation of second harmonic is negligible in the case of a shear wave interacting with a contact interface under normal incidence, as demonstrated in [28, 29] and later on in Fig. 8(e) . All directivity patterns are normalized by their respective maximal amplitude.
The analytically propagated solution matches the numerical results, for the first and the third harmonic. This validates the method for the analytical propagation of shear waves.
Various crack orientations and in-plane longitudinal wave
When the crack is not horizontal, it is expected that the interaction with the incident wave leads to mode conversions. The directivity patterns are used to identify the directions of propagation of those converted modes. In the following, only the main displacement component generated by each of these modes is considered: u L r and u S θ . They correspond respectively to radial displacements created by the longitudinal scattered wave and tangential displacements created by the scattered shear waves. The directivity patterns are normalized by the maximal displacement measured at r = R in the case of a linear simulation, i.e. with free boundary conditions applied to the crack faces. The numerical data obtained at R = 25 mm is used for the analytical propagation at a distance of r = 100 mm. Fig. 7 shows the directivity patterns plotted in the far field for the fundamental frequency and the two first higher harmonics, for three orientations of the crack: α = 0°, 25°, 45°. The contact parameters are σ 0 = −0.15 MPa and µ = 0.8. The directions of propagation predicted by the classical Snell's law (reflection and transmission at a perfect infinite interface) are marked by the arrows. Mode conversion to shear wave occurs only for oblique incidence, since no tangential displacement is created at the contact interface for a normal incidence. Considering the fundamental frequency, the scattered waves propagate closely to directions given by the transmission-reflection laws, with deviation of a few degrees for the longitudinal component. The second and the third harmonics are generated by the CAN occurring at the crack interface. These harmonics propagate exactly along directions predicted by the transmission-reflection laws and no deviation is observed. The directivity is enhanced in the case of higher harmonics because of the shorter wavelength. If one wants to move on experimental application, it means that the placement of the transducers for nonlinear experiment should be checked precisely, as demonstrated in [30] . The amplitude of the harmonics contained in the shear waves increases with the angle of incidence whereas it decreases for the reflected longitudinal waves. The mode conversion is stronger for high angle of incidence and this is observed for the fundamental and the higher harmonics.
The differences in the agreement of the directions of propagation with those obtained by considering Snell's law are related to the product between the wavenumber k and the crack length d. It has been shown in [31] that the directions of propagation of the reflected and transmitted waves increasingly deviate from the Snell's law predictions as the value of kd decreases, with good agreement above kd ≃ 20 for incident longitudinal waves and kd ≃ 40 for incident shear waves.
Considering the current parameters, the product kd is above 20 for the higher harmonics as well as for the shear wave at the fundamental frequency, whereas the value is around 10 for the longitudinal component at the fundamental harmonic. Thus, directions of propagation slightly deviate from the reflection-transmission law for the longitudinal scattered wave at the fundamental frequency.
Various crack orientations and incident in-plane shear wave
An incident shear wave is now considered. The directivity patterns computed analytically in the far field at r = 100 mm from data recorded at R = 25 mm are plotted in Fig. 8 for three crack orientations: α = 0°, 25°, 45°. The directivity patterns are normalized by the maximal displacement measured at r = R in the case of a linear simulation, i.e. with free boundary conditions applied to the crack faces. The contact parameters are σ 0 = −0.25 MPa and µ = 0.3. In this case, the incident normal stress is too low to activate the clapping and only sliding is activated at the interface whatever the angle of incidence [16] . The directions of propagation corresponding to the transmission through a perfect interface and the reflection at a free surface are marked by the arrows.
Similarly to the longitudinal wave, there is no mode conversion under normal incidence. For an oblique incidence (α = 25°) the mode conversion occurs but the amplitude of the longitudinal waves is weak compared to those of the shear waves. This result holds for the current contact parameters and a different pre-stress may change the amplitude of the converted mode. For the fundamental frequency, a deviation from the direction obtained with the transmission-reflection laws is again observed with a maximal difference of 10°for the forward scattered shear wave. As explained before, this is accounted for by relatively large wavelength compared with the crack length, where the value of kd is around 10 for this incident shear wave of 0.5 MHz. Those deviations die out as the frequency increases and the higher harmonics, when they are generated, follow the directions of propagation given by the Snell's law.
One can see that under normal incidence, the third harmonic is preferentially generated for the tangential displacements as already demonstrated in [28, 29] . For α = 25°, mode conversions occur and the second harmonic amplitude is now at the same order as the third harmonic. For α = 45°the values of all harmonics are negligible because there are actually no scattered waves. The reason can be understood under the consideration of contact stresses. The in-plane shear wave generates a shear stress σ xy (t) in the solid whose maximal amplitude is 0.23 MPa for the considered incident shear wave.
The normal and tangential stress generated by the incident wave at the interface are given by:
where σ is the stress tensor and n and t are respectively the normal and tangent vector at the interface. For α = 45
• , the shear stress τ inc (t) becomes zero and consequently it cannot trigger sliding at the interface. The normal stress being too small to open the crack where a static compression of σ 0 = −0.25 MPa is considered, there is no nonlinear effect and the wave propagation is not affected by the crack. This example shows how the proposed method enables the study of the higher harmonics generated by the CAN for a crack of arbitrary orientation. The new nonlinear frequency components of the scattered waves provide information that can be useful for closed crack detection purposes.
Nonlinear interaction of two shear waves under oblique incidence
In this section the interaction between two incident shear waves and a closed crack is investigated. Because of nonlinearity, the principle of superposition is no longer satisfied and acoustic waves can interact with each other [32] . If some conditions regarding the ratio of input frequencies, the angles of incidence and the wave polarization are found in combination, this interaction can lead to the generation of a third wave. This wave has a frequency and a wave-vector equal to the sum of the incident frequencies and wave-vectors respectively [32] . Also, the polarization of the generated wave is different from those of the incident waves. This arrangement is referred to as the non-collinear mixing technique.
The method offers some advantages over the more conventional nonlinear harmonic generation technique or nonlinear wave modulation techniques. It provides modal selectivity (the wave resulting of the nonlinear mixing is a different mode to the incident waves), frequency selectivity (the frequency of the scattered wave is equal to the sum of the input frequencies) and directional selectivity (the scattered signal propagates in a different direction from the incident waves). The phenomenon was first demonstrated experimentally by Rollins [33] . More recently, the scattered wave has been used to evaluate plastic deformation in an aluminum solid [19] . The method has also been successfully applied to the evaluation of physical aging of PVC [20] , the evaluation of a diffusion welding interface in titanium [21] , and more recently to imperfect interfaces [34] and closed cracks [22] . The method described in Section 2 is used to predict the direction of propagation of the longitudinal scattered wave generated by the interaction of two incident shear waves with a closed crack. The configuration of the system is shown in Fig. 9 . The crack is 20 mm long and is located at the center of the solid and two in-plane shear waves (A and B) are excited at the top face with an angle of incidence θ I with respect to the y axis. Different time delays are applied to the top nodes to generate the incident waves with the chosen angle of incidence. The distance between the source and the angle of incidence is chosen so that the waves intersect at the crack. The distance between the source is set to 120 mm which gives an angle of incidence θ I = 55°.
The incident shear waves are pulses of 5 cycles with a frequency of 1 MHz and amplitude of 10 nm. Note that the same input frequencies are chosen for the sake of simplicity regarding the following analysis, whereas in practical application the frequency selectivity would be enhanced by choosing different input frequencies. A pre-stress σ 0 = −0.1 MPa and friction coefficient µ = 0.5 are considered at the crack interface. It is expected that this combination of waves leads to the generation of a longitudinal wave with the frequency of 2 MHz when clapping is activated [22] . To model accurately the wave propagation, the maximal element size of the FE model is set to 0.15 mm thus ensuring that the minimal wavelength considered in this study is discretized by at least 10 elements. Displacements recorded on the circle of radius R = 25 mm are used to compute the directivity patterns of the scattered waves in the far field at r = 100 mm, using the method presented previously. As previously done in Section 3.1.1, the separation of the scattered longitudinal and shear waves in the time domain has been verified to ensure the applicability of the method. The directivity patterns obtained for α = 0°are shown in Fig. 10 . At the fundamental frequency f 1 , there is no longitudinal waves ( Fig. 10(a) ) and only reflected and transmitted shear waves are propagating ( Fig. 10(c) ). Directions of propagation of the reflected shear waves (k kd value, with kd ≃ 40. There is no converted longitudinal wave at the fundamental frequency because the angle of incidence is greater than the critical angle. Due to the CAN at the crack, the second harmonic (2f 1 ) is generated in both reflected and transmitted shear waves as shown in Fig. 10(d) . Finally, at the double frequency 2f 1 , two longitudinal waves propagate respectively along directions 90°and 270°. These waves result from the nonlinear interaction between the incident shear waves and are the ones targeted in the non-collinear mixing method.
Because the crack partially opens during the acoustic excitation, the incident waves are partially reflected as shown in Fig. 10 . Locally, the shear waves constructively interact at the contact interface when the clapping is activated, which generates two longitudinal waves. The first one propagates along a direction collinear with k
T . The second one propagates in a direction collinear with the sum of the reflected wave vectors k
The directivity patterns obtained in the case of a crack tilted by an angle α = 10°are given in Fig. 11 . Because of the crack orientation, the angles of incidence with respect to the normal direction to the contact interface are different for the two incident waves. For the fundamental frequency, the transmitted shear waves have the same directions of propagation as the incident waves, as obtained previously for α = 0°. The reflected waves still propagate along directions predicted by Snell's laws (Fig. 11(c) ). There is still no longitudinal wave at this frequency ( Fig. 11(a) ). For the double frequency, two longitudinal waves are again generated (Fig. 11(b) ) and propagate along directions given by the sum of the transmitted wave which is no longer collinear with the normal vector to the contact interface. Fig. 12 shows the directivity patterns for the case of a crack tilted by an angle α = 20°. For the fundamental frequency, a longitudinal wave is observed along 20°direction due to conversion of shear wave A (Fig. 12(a) ). Snell's law indicates a critical incident angle of 30°(incident shear wave A has an incident angle of 35°, thus conversion is possible due to finite aperture of the incident wave beam). Shear waves A and B are reflected and transmitted with direction predicted by the reflection-transmission laws. However, because of the high angle of incidence, the directions of transmission and reflection of the incident shear wave B are close and not easily distinguished for the fundamental harmonic. This leads to a single lobe in the directivity pattern at an intermediate angle around 205°. By contrast, the two directions are clearly separated for the second harmonic, as shown in Fig. 12(d) . For the double frequency, two longitudinal waves are again generated (Fig. 12(b) ) and propagate along directions given by the sum of the transmitted wave vectors k . In Fig. 12(d) , it can be seen that two additional shear waves are propagating along 120°and 280°directions although their amplitude is relatively small. These shear waves correspond of the mode conversion from the longitudinal waves nonlinearly generated at the crack interface. The magnitude of these last shear waves also depends on the value of the pre-stress σ 0 at the interface.
These examples demonstrate that the use of the FE method coupled to analytical propagation provides understanding of the wave scattering for complex wave propagation problems involving CAN and multiple wave interactions. It very effectively shows the directions of propagation of scattered waves in the case of the non-collinear mixing method. The CAN is a non-classical nonlinearity and involves specific scattering of longitudinal and shear waves, especially in the case of tilted cracks. This method can be used with may help to define and optimize the non-collinear mixing method in the case of different input frequencies.
Conclusion
In this paper a method is proposed to derive the directivity patterns for waves scattered after nonlinear interaction with a closed crack, thus giving information about the expected wave fields both in the near and far-field of cracks with contact nonlinearity. The method includes two steps to compute the far field solution. Since the CAN generated from the interaction between the incident wave and the defect cannot be described analytically, the first step of the method consists in computing the near field solution with a FE model. The CAN is modeled using unilateral contact law with Coulomb friction. In the second step, the numerical solution for the scattered waves is propagated analytically in order to obtain the far field solution. This is achieved using a Green's function formalism in the frequency domain, thus giving the solution for any considered frequency of interest. This makes the method particularly interesting for the study of nonlinear problems involving a closed crack where new frequency components are generated.
In the second part of this paper, the method was first applied to the nonlinear scattering of a plane wave by a closed crack of different orientations. The propagation direction of the higher harmonics has been obtained for the incident mode as well as the converted mode, both for an incident longitudinal and an incident shear wave. Then, the method was applied to predict the direction of propagation of the longitudinal wave scattered by the interaction of two incident shear waves, such as proposed for the non-collinear mixing method. The method can be used to determine when the longitudinal wave is generated in case of CAN, as well as its directions of propagation for complex configuration where the crack is tilted.
The application of the method can be extended to other problems. Knowledge of the scattering by a closed crack in case nonlinearity can be used to derive an imaging algorithm based on the higher harmonics. For the non-collinear mixing, the method enables one to predict the solution in the case of different incident waves (frequency and angle of incidence). The method could also be used to work with the side-band frequency components generated during the nonlinear wave modulation between a high frequency probing wave and a low frequency pumping wave. Finally, other types of nonlinearity may be considered in the FE model, thus extending the possible applications of the method.
